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Generative vs discriminative models

Generative modeling: P( )
Discriminative modeling: pPC4| )

Examples:

generative discriminative

classification Naive Bayes logistic regression

sequence labeling HMM
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Generative modeling for sequence labeling

DT NN VBD IN DT NN
! ! ! | ! !
the fox  jumped over the dog

Task: given x = (x1,...,Xm) € X™, predict y = (y1,...,¥Ym) € Y7

Three questions:
» Modeling: how to define a parametric joint distribution p(x, y; 6)?
» Learning: how to estimate the parameters 6 given observed data?

> Inference: how to efficiently find arg max cym p(x, y; ) given x7?

He He (NYU) CSCI-GA.2590

October 11, 2020 4 /36



Decompose the joint probability

DT —> NN — VBD —> IN — DT —> NN

| | | | | |

the fox  jumped over the dog
p(x,y) = p(x | y)p(y)
= p(x1t, -, xm | y)p(y)

I
s

p(xi | y)p(y) Naive Bayes assumption

‘
I
[

p(xi | vi)p(vi,-..,¥m) a word only depends its own tag

I
.zs

-
I
=

m

p(xi | vi) Hp(y,- | yi—1) Markov assumption
i=1

I
.EE

‘
I
[
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Hidden Markov models

Hidden Markov model (HMM):
» Discrete-time, discrete-state Markov chain
» Hidden states z; € ) (e.g. POS tags)
» Observations x; € X' (e.g. words)

m m

P(X1:ms Yi:m) = H p(x;i | vi) H g()/i | Yi—ll

"

i=1 emission probability =1 transition probability

For sequence labeling:

» Transition probabilities: p(y; =t |yj_1 =t') = QtM\/ lz‘{‘ 7/‘\/0
» Emission probabilities: p(x; = w | yi = t) = Vs
- Yo~ — 0B V@QWW\)

He He (NYU) CSCI-GA.2590 October 11, 2020 6/36



Learning: MLE

Data: D= {(x,y)} (x e XM y € Y™)
Task: estimate transition probabilities 6, and emission probabilities 7,
(# parameters?)

00,~) = (Z log (X, i)+ Z log p(yi | )/1)1)>
(x,y)eD

=1

\ "/

max Z (Z'Og’ny +Z|°g9y,|y, )
i=1 =1

(x,y)eD
s.t Z’Ywu—l Vw e X
wexX
> bge=1 V' eYU{x}
te)U{STOP}
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MLE solution

Count the occurrence of certain transitions and emissions in the data.

NN

count(t’ — t)
zaeyu{smp} count(t’ — a)

PT

Transition probabilities:

(9t|t/ —

Emission probabilities:

B count(w, t)
Twle = > e count(w’, t)
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Inference

Task: given x € X, find the most likely y € Y™

arg max log p(x, y)

yeym
m m
= argmax » logp(xi | yi) + > _log p(yi | yi-1)
YEY™ iy i=1

Viterbi + backtracking:

w[j, t] = max (log p(x; | t) + log p(t | ') + =[j — 1,t])
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Naive Bayes with missing labels

Task:

» Assume data is generated from a Naive Bayes model.

» Observe {x(i)}ll.vzl without labels.

» Estimate model parameters and the most likely labels.

ID | US government gene lab label
1 |1 1 0 0 ?
2 | 0 1 0 0 ?
310 0 1 1 ?
4 | 0 1 1 1 ?
5 1| 1 1 0 0 ?
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A chicken and egg problem

If we know the model parameters, we can predict labels easily.
If we know the labels, we can estiamte the model parameters easily.

|dea: start with guesses of labels, then iteratively refine it.

ID | US government gene lab label
1 |1 1 0 0
2 | 0 1 0 0
310 0 1 1
4 | 0 1 1 1
5 1|1 1 0 0

US government gene lab
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A chicken and egg problem

If we know the model parameters, we can predict labels easily.
If we know the labels, we can estiamte the model parameters easily.

|dea: start with guesses of labels, then iteratively refine it.

ID | US government gene lab label
& 1 |1 1 0 0 0 — o 2
pCy=1lx) 2 10 1 0 0 0 S 7
o PUx(g)PEY) 3| 0 0 1 1 0
' 5 , 410 1 1 1 1
"-"i’( | « = -t =
s -¢=5 |1 1 0 0 1
P(g:o[ %)
o(L,2 > US government gene lab
3°7¢E
2 p(-10) | 1/3 2/3 1/3 1/3
g p(-11) | 1/2 1 1/2 1/2
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Algorithm: EM for NB

1. Initialization: 6 <+ random parameters

2. Repeat until convergence:
(i) Inference:

q(y | x10) = p(y | x17; 0)

(ii) Update parameters:

B ZlNzl q(y | X(i))]l [W in Xi}
g >y aly | x0)

O

> With fully observed data, g(y | x{)) =1 if y() =y
» Similar to the MLE solution except that we're using “soft counts”.

» What is the algorithm optimizing?
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Objective: maximize marginal likelihood

Likelihood: L(6; D) = [[,p p(x; 6) | AL lm/\)
Marginal likelihood: L(0; D) = erg > sezP(x,2;0) {

» Marginalize over the (discrete) latent variable z € Z (e.g. missing
labels)

Maximum marginal log-likelihood estimator:

0 = arg max Sj log S:p(x, z;0)

€0 x€D | zEZ )

g PO)
Goal: maximize log p(x; )

Challenge: in general not concave, hard to optimize

October 11, 2020 14 /36
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Intuition

Problem: marginal log-likelihood is hard to optimize (only observing the
words)

Observation: complete data log-likelihood is easy to optimize (observing
both words and tags)

max log p(x, z; )

|dea: guess a distribution of the latent variables q(z) (soft tags)

Maximize the expected complete data log-likelihood:

mgx%z/cﬂjﬂlog p(x, z;0)

EM assumption: the expected complete data log-likelihood is easy to
optimize (use soft counts)
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Lower bound of the marginal log-likelihood

log p(x;0) = Iogz (x,z;0) Z?C%

zeZ
(x,z;0)
= lo (Z)p = log E; [p(x, z; 0)]
g‘ZEZZq . q(2) ¢ p—g%—))

e v\g@»\\ ¢ =) aq(z)log p(:,(;@) = [E, [log p(x, z; 0)]

tneLu\wb‘\% ; fZGZ BC)
- Had) Crfex) < fEnd)
» Evidence: log p(x;6) 4’1wa6\7¥1))

» Evidence lower bound (ELBO): £L(q,0) EH‘(;()}

» g: chosen to be a family of tractable distributions
» ldea: maximize the ELBO instead of log p(x; #)

D
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Justification for maximizing ELBO kLCPuq)

zeZ p(Z | X 0) zeZ
= —KL(q(2)]lp(z | x;0)) + log p(x; 0)
g D evic?ernce

» KL divergence: measures “distance” between two distributions (not

symmetric!) kLCPu &N
> KL (q||p) > 0 with Equz/l)ltﬁf q%/) ¢ P)

» ELBO = evidence - KL < evidence

He He (NYU) CSCI-GA.2590

October 11, 2020 17 /36



Justification for maximizing ELBO

7 Q
£(q,0) = =KL (a(2)lp(z | x; 0)) + log p(x; 6)

T
Fix @ = 6y and maxq £(q,60): q* = p(z | x; 6p)

P&ho) -
. §

/{ i L(q",0,)
\ 0, —> ®

Let 0%, g* be the global optimzer of £(q,8), then 6* is the global
optimizer of log p(x; ). (Proof: exercise)

-~
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Summary

Latent variable models: clustering, latent structure, missing lables etc.
Parameter estimation: maximum marginal log-likelihood
Challenge: directly maximize the evidence log p(x; ) is hard

Solution: maximize the evidence lower bound:

ELBO = £L(q,0) = =KL (q(2)[|p(z | x;6)) + log p(x; 6)

Why does it work?

q°(z) =p(z| x;0) VOec©O
L(q",0") = maxlog p(x; 0)

October 11, 2020 19/36
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EM algorithm

ul ] t
Coordinate ascent on £(q,0)
1. Random initialization: #°9 « 6,

2. Repeat until convergence
(i) q(z) + argmax, L(q, god)

Expectation (the E-step): qg"(z) = p(

EW 0 = L(9) ¢) = J(0)

(i) 0" < argmaxy L(g*,0)
MAY
—Ming

imization (the M-step):

Hnew

%argmaxJ(@
vy WF@UT@Q W“Y\SWL Ko * Urkoli heva -

EM puts no constraint on g in the E-step and assumes the M-step is easy.

In general, both steps can be hard.
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Monotonically increasing likelihood | W)
W(FH©

o

v
_M?C% ) ‘ Inp(X|9)
AL,

gold @gnew

Exercise: prove that EM increases the marginal likelihood monotonically
log p(x; 6™") > log p(x; 6°'9) .

Does EM converge to a global maximum?
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EM for multinomial naive Bayes
Setting: x = (x1,...,xm) € V", ze{1l,... . K},D = {X(i)}ll.\lzl

E-step:

m xi | z: old z: old
q*(z):p(z‘x;HOId): H 1P( i | z;0°9)p(z; 0°9)

>z [y p(xi | 2/6°9)p(2"; 9°'d)

=> ) qi(2)ogp(x,z;0)=> > qilz Iong(xf|Z;9)p(z;9)

x€D zeZ x€D z€Z Li=1— )

- Ng
M-step: W J (9—) ‘b"\Q .%DK \)WW\/\M‘
max Z Z q.(z (Z log gsvctnt(w\x) + log 92>

xe€D zeZ wey
st. Y Oy,=1 YweV, > 6,=1,
wey zeZ

def .
where count(w | x) = # occurrence of w in x
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EM for multinomial naive Bayes

M-step has closed-form solution:

2 xep 9x(2)

0, =
‘ ZZEZ ZXGD q;:(Z)
soft label count
) Sepai(z)count(w |
wl|z —

ZWEV ZXED gj:(z)count(w | Xz

-~

soft word count

Similar to the MLE solution except that we're using soft counts.
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M-step for multinomial naive Bayes

max > > () (Z log 05,2 + log 92>

xe€D zeZ wey
s.t. ZHW|Z:1 Vw eV, 202:1
wey zeZ
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Summary

Expectation Mmization (EM) algorithm: maximizing ELBO L(q, 0)
by coordinate ascent -

E-step: Compute the expected complete data log-likelihood J(6) using
q*(2) = p(z | x; 0°9)

M-step: Maximize J(0) to obtain 6™
Assumptions: E-step and M-step are easy to compute

Properties: Monotonically improve the likelihood and converge to a
stationary point
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HMM recap iGN ING)

Setting: (L/L/\\ PEX( \ﬁ)

(&=
» Hidden states z; € ) (e.g. POS tags) m r
. (\ POy M”)
» Observations x; € X (e.g. words) &
X1:ms Y1:m) = P\Xi | Yi PLYi | Yi—
P(X1:m), Y1:m) 11:11 Calyv) 11 \(Y|Vy 1)

emission probability ‘=1 transition probability
Parameters:

> Transition probabilities: p(y; =t | yj_1 = t') = Oy

> Emission probabilities: p(xj = w | yj = t) = Yy

> o = *, ym = STOP

Task: estimate parameters given incomplete observations
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E-step for HMM

E-step:

q(z) =p(z | x;0,7)
L(q*0,7) =Y Y qi(z)logp(x, z;0,7)

x€D ZEZ

expected complete Iog—llkellhood

= Z Z q,(2) Iong(Xi | zi)p(zi | zi-1)
=1

x€ED zeZ

\

HMM

=D ai2)) | logp(xi | zi7)+logp(z | zi-1;6)

xXED zeZ i=1 Yool
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M-step for HMM

M-step (similar to the NB solution):

m

max £(q",0,7) = Z Z ax(2) Z log Vxilzi T log 92,-\2,-_1>

0,y
xeD zeZ i=1

ZXE@OUWE(W t|x,2z)

y
wit = > owiex Doxed 2ozez Gi(Z)count(w’, t | x, z)

count(w, t | x, z) & # word-tag pairs (w, t) in (x, 2)

Emission probabilities:

Transition probabilities:

oo = 5 b R )pount(t s ¢ 2
tt’_

D acy YoxeD zez u(2)count(t’ — 2| 2)

count(t' — t | z) & # tag bigrams (¢, ) in z
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M-step for HMM
Challenge: Z;Eym qx(z )count(w t|x,z)

V(‘;D NQ \
NN i
DT NN — VBD > IN > DT —> NN

| | | | | |

the fox  jumped over the dog

Group sequences where z; = t:

Z q,(z)count(w, t | x,z) = Z“X ) [x; = w]

zeym

px(zi =t) = Z qx(2)

{zeYm|zi=t}
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M-step for HMM A b e Foabe, £ -
= (ﬂ('eotm'Fa?)b(C(-fCLfcs)

Challenge: ), .ym qx(z)count(t’ — t | z)
a' Ve W C/

DT —> NN — VBD —> IN > DT —> NN

| | | | | |

the fox  jumped over the dog

Group sequences where z; = t, zj_1 = t':

m
> G(2)count(t = t]z2) =) p(zi=t,zi1=1t)
i=1

zeym
pix(zi = t) = > qx(2)
'%;" =t {zey’"|z,-:t,z,-_1:tl}
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Compute tag marginals

tx(z; = t): probability of the i-th tag being t given observed words x
PEAY)  m PL3%) /) PCE)

:LLX(ZI':t): Z Q;(Z Z HqXI‘ZI ZI ’ZI 1)

z:zj=t z:zi=t j=1 1/)(2”2’_1) (__\»U\M\
I—1 m
= Z | TP(ZJ,ZJ 1) g ¢(Zj72j—1) .
z:zi= tJ 1 j:/ %Q‘H‘—W\

I
_Z Z HMZJ?ZJ BH@D(ZjaZj—l)

t' z:zi=t,zj_ 1:’ =1

22
i—1 m
=2 2 1lv@.z-0) [eet) | D []¥(z2-1)
v\ A P>\ %y =it
=Y ali - 1, tu(r, t/fﬁ[i, t] = ali, t]B[i, t]
Ly —
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Compute tag marginals

Forward probabilities: probability of tag sequence prefix ending at z; = t.

ali, t] oy q(x1,...,Xxj,zi =1t)
ali, ] = Y ali — 1, Iy (1)
t'ey t(/(-b'-—> -b)

Backward probabilities: probability of tag sequence suffix starting from
Zi+1 give zj = t.

. def
6[’71-] = q(Xi+17"'7Xm ‘ Zj = t)

8l = 3 Bl + 1, ¢l
t'ey l}/(’b‘étr)
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Compute tag marginals

1. Compute forward and backward probabilities

ali,t] Vie{l,...,m}, teYU{STOP}
Bli,t] Vie{m,...,1} t € YU{x}

2. Comptute the tag unigram and bigram marginals

px(zi=1t) = q(zi=t|x) 7 1z, 9()

_ ali, t]8][i, t] _ ali, t]8[i, t]
q(x) a[m, STOP]

def
px(zici=t,zi=t) = qlzio1 =t,zi=t| x)

_ofi =1, t'](t, t) B[, t]
q(x)

In practice, compute in the log space.
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Updated parameters

Emission probabilities:

er®unt(wa t|x,2)

Ywlt — = "
S e Soxen Dosez Gi(2)count(w, t | x, 2)
_ > wed 21 ix(zi = O [xi = w]
ZW/EX erD Z:ﬂ:l MX(Zi — t)]I [Xi — W’]

Transition probabilities:

ZXE ZZEZ q;(Z)C unt(t’ — t ‘ Z)
Zaey ZXGDZZEZ g5(z)count(t’ — a | z)
D oxeD Dimi ix(zicr =t zi = t)

B Zaey ZXED 27;1 px(zi-1 =1tz = a)

0t|t’ —
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Summary

EM for HMM:
1. Randomly initialize the emission and transition probabilities
2. Repeat until convergence

(i) Compute forward and backward probabilities

(ii) Update the emission and transition probabilities using expected
counts

If the solution is bad, re-run EM with a different random seed.

General EM:

» One example of variational methods (use a tractable g to
approximate p)

» May need approximation in both the E-step and the M-step

» Useful in probabilistic models and Bayesian methods
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